This paper presents the Adjoint Parabolized Stability Equations (APSE) which are used to predict the receptivity of shear layers to a variety of disturbances. Results from the APSE are first carefully validated against solutions of the Adjoint Navier-Stokes (ANS) equations which demonstrates that APSE is an accurate and effecient means of predicting receptivity. Then APSE is used to document the nonparallel receptivity characteristics of both Blasius and Falkner-Skan boundary layers for two-dimensional and oblique Tollmein-Schlichting (TS) instabilities. These results are compared to receptivity predictions based on local parallel theory in order to establish the effects of mean boundary layer growth on receptivity. In general, the inclusion of nonparallel effects for the receptivity prediction of TS instabilities is found to be small under all conditions. Comparing results from Blasius and Falkner-Skan base flows shows that adverse pressure gradients tend to reduce receptivity while favorable pressure gradients lead to an increase in receptivity. This is in contrast to the well known effects of pressure gradient on TS instability growth rates. Likewise, our investigations for three-dimensional disturbances also show that oblique modes have greater receptivity than two dimensional waves, again in contrast to the effects of obliquity on instability growth rates. In general there is a trade-off between receptivity and instability -the stronger the instability the weaker the receptivity.
Introduction
This paper explores the use of adjoint methods for the prediction of receptivity in nonparallel flows. We utilize the Parabolized Stability Equations (PSE) and the Adjoint Parabolized Stability Equations (APSE) which provide efficient and accurate methods for stability and receptivity predictions. In order to validate our methods, we compare predictions of PSE and APSE methods with results of Linearized NavierStokes (LNS) and Adjoint Navier-Stokes (ANS) equations.
Adjoint methods have recently been used to predict the receptivity characteristics of a wide range of flows including pipe Poiseuille flow, 15 the Blasius boundary layer, 9, 12, 18 laminar wall jets, 17 and Görtler vortices in boundary layers on concave surfaces. 11 With the exception of the work of Luchini & Bottaro, 11 all of these studies rely on the expansion of the homogeneous solution to the locally parallel flow into a biorthogonal set of eigenfunctions as described by Salwen & Grosch. 13 In the case of Luchini & Bottaro, 11 the receptivity problem for Görtler vortices was solved using the adjoint of the linearized boundary-layer equations. This approach has the advantage of naturally including nonparallel effects within the receptivity predictions which are known to be important for streamwise oriented disturbances, such as the Görtler instability. Here, this approach is generalized for nonstationary disturbances and viscous instabilities based on the APSE and ANS equations building upon the author's prior work. The paper begins by deriving the ANS equations followed by a discussion of the numerical methods used to obtain adjoint solutions. We highlight necessary assumptions required to derive PSE and use these assumptions to derive APSE. After validating receptivity predictions based on APSE against ANS, the APSE method is then used to investigate the receptivity characteristics of the Blasius and Falkner-Skan boundary layers to both two-and three-dimensional disturbances. These results document the forced, linear receptivity characteristics for these canonical two-dimensional boundary layers including the effects of nonparallelism and pressure gradient. In all cases, results are compared with local receptivity predictions based on the parallel flow assumption in order to assess the influence of mean 1 American Institute of Aeronautics and Astronautics boundary layer growth.
Formulation
We begin by considering the nondimensional incompressible Navier-Stokes equations for velocity, v, and pressure, p,
where the Reynolds number, Re = LU/ν, L and U are reference length and velocity scales, and ν is the kinematic viscosity. Consider the following linear perturbations about a baseflow {v, p}, which is assumed to be a solution to (1) ,
The perturbations then satisfy the Linearized NavierStokes (LNS) equations ∂v ∂t + L{v; Re}v + ∇p = 0 (3a)
where L is a linear operator which, in Cartesian tensor notation, can be written as
For sufficiently smooth fields, define U = {v , p } and U * = {v * , p * }, the following Euler-Lagrange identity is easily constructed using differentiation by parts ∂v ∂t
where the adjoint linear operator in index notation is given by
and j is the bi-linear concomitant The Adjoint Navier-Stokes (ANS) equations are defined by the Euler-Lagrange identity (5) as
and it is through judicious manipulation of the righthand-side of the Euler-Lagrange identity, that engenders the usefulness of the adjoint solution, U * . If, at this point, we assumed that the base flow is locally parallel we would obtain the same receptivity results as Hill 9 in which he considered homogeneous solutions of the Orr-Sommerfeld and its adjoint for receptivity prediction. However, since we are interested in receptivity prediction for nonparallel flows, we now generalize Hill's results using the full LNS/ANS system. Without loss of generality, consider a single Fourier mode in time with frequency ω so that
(9a) and the corresponding adjoint is then
Here U and U * are complex fields and to obtain actual solution, one has to take the real part of these complex quantities. General solutions can be obtained by a Fourier series expansion based on solutions of this form. The reader should note that the ANS solution has frequency of −ω which is required since the adjoint evolves backwards in time.
We have adopted the convention that x = x 1 denotes the streamwise direction, y = x 2 the wall normal direction, z = x 3 the spanwise direction, and y = 0 corresponds to the wall location. If U m and U * n are two distinct eigenmodes of homogeneous LNS and ANS equations respectively with homogeneous 2 American Institute of Aeronautics and Astronautics boundary conditions at y = 0 and y = ∞ , then using the Fourier representations (9) in (5) shows that
Integrating over the volume and using the divergence theorem along with the homogeneous boundary conditions at y = 0 and y = ∞, this simplifies to
(11) Thus, the quantity J(Û m ,Ũ n ) is conserved and we use this fact to normalize the adjoint such that J(Û m ,Ũ n ) = 1. The conservation of J is critical to successfully utilize the adjoint system for receptivity prediction in nonparallel flows. This is a general result for the LNS/ANS system where the only requirement is that the flow satisfy homogeneous boundary conditions in y. The same result is satisfied for other classes of shear flows such as mixing layers, jets, and wakes. Equation (11) also generalizes the parallel flow result 9 for which the analogous expressions leads to an orthogonality relation between the regular and adjoint eigenfunctions resulting in a biorthogonal set of eigenfunctions. 13 We return to the question of orthogonality for nonparallel flows in §3.
To illustrate the use of the ANS, consider forced receptivity with compact sources of momentum, qe −iωt ; mass,φe −iωt ; and boundary velocities,
A typical case with a boundary source is shown in CV I of Figure 1 . Under these conditions, the LNS (3) become
In general, the full solution of (12) can be obtained as a linear combination of M discrete eigenfunctions, U m , with amplitude a m (x), and a field, W
where W may contain a particular solution plus contributions from continuum modes. Our goal is to find the receptivity amplitude, a m , of the response for a particular natural mode m of the homogeneous problem with frequency ω and adjoint eigenfunctionŨ m . Under these conditions the Euler-Lagrange identity (5) becomes
Integration in the wall normal direction, y, yields
Substituting (13) into above expression and integrating in the streamwise direction from some x a to x b (see figure 1 ), where these locations are far upstream and downstream of any sources, we find that for a convective instability propagating only in the downstream direction (+x), the amplitude at x b will be
Thus, the amplitude of a particular mode,Û m , far downstream of a compact source, is determined given only the form of the sources and the eigenmodes of the regular and adjoint homogeneous problems. Nonparallel and surface curvature effects are naturally included in the receptivity prediction through the adjoint fieldŨ m while these effects are included in the stability characteristics throughÛ m . The amplitude is measured consistent with the normalization of the eigenfunctionÛ m andŨ m . Thus, a general feature of solutions to the homogeneous adjoint equations are that they can be used to "filter" a particular solution to determine the amplitude of the corresponding natural mode. Similar results can also be obtained for natural receptivity by appropriate extension of the parallel theory. 9, 16 Although this is a rather straightforward extension of the parallel theory when combined with the efficient adjoint solvers discussed in §3, it leads to a technique for receptivity prediction that incorporates nonparallel and curvature effects while enabling rapid coverage of the disturbance parameter space.
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In the preceding section, we presented the ANS equations along with a brief description of how they can be utilized to obtain receptivity predictions for nonparallel flows. The key requirement is that we must obtain the homogeneous solutions of the LNS and ANS equations for the modes of interest.
This section presents two techniques for efficiently approximating the homogeneous solutions of the LNS and ANS. The first involves the direct discretization and solution the LNS and ANS equations using boundary conditions which simulate conditions satisfied by the homogeneous solution. In general, one could obtain the homogeneous solutions by formulating and solving a multi-dimensional eigenvalue problem. However, due to the computational expense of this approach, our technique gives local approximates to the homogeneous solution at greatly reduced expense.
The second approach involves approximating the LNS with the parabolized stability equations (PSE) and the ANS with the adjoint of the parabolized stability equations (APSE). The PSE are known to provide an accurate account of the stability characteristics for high Reynolds number shear flows 7 and one of the primary objectives of this article is to demonstrate the ability of APSE to predict receptivity.
Adjoint Navier-Stokes Equations
Since we are interested in the long-time behavior of disturbances we consider harmonic disturbances in time, while for simplicity a Fourier series representation is used in the spanwise direction, z. Thus, the solutions to the LNS are of the form (18) Substituting this expression into (3) leads to a partial differential equation in the x − y plane. We use a body fitted coordinate system in the x − y plane and approximate all x derivatives with fourth-order accurate central differences in the interior and appropriate lower-order one-sided differencing used near the boundaries. All y derivatives are computed using a global Chebyschev collocation method. This discretization leads to large block penta-diagonal system of equations with each block of dimension N y × N y and there are N x rows and columns, where N x , N y are the number of nodes in x and y, respectively. This linear system of equations is solved numerically using specially designed Gaussian elimination algorithm 14 based on the LAPACK mathematical library. A completely analogous method is used for the ANS where the adjoint solution is of the form
This expression is substituted into (8), discretized, and solved with the same method used for the LNS. From an implementation standpoint, only minor modifications are required to convert a LNS solver to an ANS solver.
Up to this point, we have discussed the discretization and solution of the LNS and ANS equations without regard to boundary conditions. Since we are interested in the homogeneous solution for one particular spatial mode (often the most unstable mode) we pose a forced problem where the solution, up to spatial transients, matches the homogeneous solution for the mode of interest. To make this concrete, consider the spatial modeÛ m . To solve for the spatial evolution of this mode, we begin by identifying the domain of interest as shown in the figure 2(a). On the inflow of this domain, we place the eigenfunction predicted by local, parallel linear stability theory at that location. On the wall and upper boundaries, zero disturbance conditions are imposed while on the outflow boundary, a buffer domain is used to absorb the downstream propagating wave. The particular form of the buffer domain used is based on a locally parabolized approximation. Since the inflow profile from local parallel theory does not identically match the nonparallel eigensolution, there is generally a spatial transient before the desired mode dominates the 4 American Institute of Aeronautics and Astronautics solution and we truncate this region of spatial transient.
A similar procedure is used for the ANS solutions. Since the ANS instability waves propagate upstream, we impose the parallel flow eigenfunction of the adjoint Orr-Sommerfeld equation on the downstream boundary as shown in figure 2(b). Likewise, a buffer domain is used on the upstream boundary that is based on a locally parabolized method. Similar to the LNS solution, this procedure results in a spatial transient near the downstream boundary that is truncated before using the adjoint field for receptivity prediction.
Adjoint Parabolized Stability Equations
Based on the general success of PSE in predicting linear stability for nonparallel flows 4, 7 it is likely possible that the APSE may be equally useful in predicting receptivity. We note that Hill 10 has used APSE for inverse design and that Herbert 7 has previously suggested that APSE may be used for receptivity prediction. Based on this previous work, we have developed APSE methods for approximating the ANS for receptivity prediction in nonparallel flows.
The fundamental observation in PSE is that the solution to LNS can be decomposed into wave and shape components. Thus, the solution is written in the form
whereÛ is the shape function and α(x) is the streamwise wavenumber. Substituting (20) into the LNS and collecting similar terms one obtains
where the Orr-Sommerfeld (+ Squire) operator is given by At this point, no approximation has been made. Equation (21) is the exact analogue of the LNS in the splitting (20). The PSE approximation is to assume that α andû are slowly varying functions of x. Thus, the terms involvingû ,xx and α ,x are neglected compared to the other terms as Re gets large leaving,
Upon dropping these two terms, we see that (24) is a first-order hyperbolic system in x. Unfortunately, it one tries to march this equation downstream from some initial profile, you will find that the solution exhibits a strong instability due to residual ellipticity caused by the pressure gradient term inĀÛ ,x . The problematic term isp ,x in the streamwise momentum equation which can support upstream propagating acoustic waves (in the incompressible limit) -thus the cause of the instability. To make a stable marching scheme, a common approach is to set this term to zero which presumes that all of the pressure variation is captured in the wave component of the solution. This can in fact severely reduces the accuracy of PSE and APSE methods. To highlight the importance of including the streamwise pressure gradient term, Figure 3(a) shows the evolution of kinetic energy for a Tollmien-Schlichting instability wave with and without the streamwise pressure gradient obtained with the PSE method. With the pressure gradient, the solution is in excellent agreement with LNS. Figure 3 (b) shows similar results for the adjoint solution obtained using APSE.
If the streamwise pressure gradient is retained in PSE, some approach must be taken to stabilize the method. The simplest, and most common approach, is to do an implicit marching method in x with inherent numerical dissipation, like backward Euler. In order to obtain a stable method, one then use a step size that satisfies the stability criteria ∆x > 1/|α r | suggested by Andersson et al.x 3 where α r is the real part of the streamwise wave number. Another approach is to introduce a stabilizing term as discussed by Andersson et al. 3 that is consistent with the order of approximation in PSE. When used for APSE calculations, this approach tends to reduce accuracy slightly. A third technique, developed as part of this research, is an iterative method that incorporates the influence of the streamwise pressure gradient on the solution that can be easily employed in order to stabilize both PSE and APSE solutions. Starting from equation (24), the matrixĀ is modified by zeroing the term A 14 . This pressure term is then moved to the right-hand-side and lagged in the iteration. The method becomes:
,x = 0. Thus, the first iteration gives the standard stabilized PSE solution with no streamwise derivative of the pressure shapefunction and subsequent iterations solve a forced PSE equation where the source term is computed based on the prior iteration. Typically only two iterations are required to adequately correct the PSE solution for the pressure gradient term. If the number of iterations becomes large, say greater than four, then the instability can reappear since the solution converges to that which would be obtained if the pressure term had been retained in theĀ matrix. Each k iteration involves solving the PSE and recomputing α at each marching station, x i . However, after the first iteration, the changes in α are slight so that the α iteration converges quickly, especially using the Newton iteration described below. If possible, we generally run with backward Euler satisfying the stability constraint. When solutions are desired on very fine x meshes, the pressure iteration method is employed.
To discretize the PSE, we use a Chebyschev collocation scheme in y with backward Euler integration in x. Thus, the fully discrete PSE system can be written as
whereÛ i is a vector ofÛ for all y at each x i . Decomposition of solution into wave and shape components is defined through appropriate normalization criteria. To make this concrete, consider the kinetic energy normalization 8 which is typically applied using the following iterative method
Unfortunately, this iterative scheme often exhibits slow convergence. We typically accelerate convergence using a formal Newton iteration. Say one's goal is to make F (α) =û * û ,x +v * v ,x +ŵ * ŵ ,x = 0 which is the kinetic energy normalization. To perform a Newton iteration, a linear approximation of F (α (k+1) ) is constructed about some known value, α (k) :
Requiring that F (α (k+1) ) = 0 leads to the following iterative method
The only complication that arises from the use of a Newton iteration is the evaluation of ∂F /∂α. This derivative involves the quantitiesÛ ,α which can be easily derived by formally taking the derivative of the PSE with respect to α and evaluating at α (k) : The equation forÛ ,α is identical to the PSE except for the inhomogeneous right-hand-side which depends on the PSE solution,Û . Thus, this equation can be solved using the same numerical methods used for the PSE. In practice, we actually computeÛ ,α by taking the derivative of the discrete PSE at each location x i . This allows us to reuse the LU factorization of the PSE operator to computeÛ ,α . Figure 4 shows a comparison of the convergence of the Newton iteration described here with the standard iteration given by (27). Typical convergence tolerances are 10 −8 which means that only three Newton iterations are required while over nine standard iterations are needed. Since each iteration requires an LU factorization of a dense N y , N y matrix, the savings with the Newton iteration is between two and three times faster.
There are a number of ways that the APSE can be derived. Perhaps the simplest is to start from the ANS, assume solutions that have both wave and shape components and proceed in a manner similar to that done with standard PSE. For example, the APSE solution can be written as
whereα is the adjoint streamwise wavenumber. Substituting (31) into ANS and collecting similar terms one obtains
where the Adjoint Orr-Sommerfeld (+ Squire) operator is given bỹ
The bi-linear concomitant is then given by
Equation (32) is the exact analogue of the ANS in the splitting (31). The APSE approximation is to assume thatα andũ are slowly varying functions of x. Thus, the terms involvingũ ,xx andα ,x are neglected compared to the other terms as Re gets large leaving,
Discretizing the continuous adjoint equations leads to a marching method
The APSE considered here are referred to as the continuous adjoint since the derivation of the equations are done before discretization. Another technique for developing adjoint equations is the socalled discrete adjoint where the adjoint equations are formed after discretization of the original equation. In a future publication, we will compare results from the discrete and continuous adjoint formulations, but it suffices here to say that both methods can be used to obtain accurate receptivity predictions.
In order to illustrate the accuracy of APSE and the efficiency of adjoint methods in general, we compare in figure 5, direct receptivity solutions based on forced LNS with adjoint predictions based on APSE. In this example, we consider receptivity of the Blasius boundary layer to a wall normal, suction/blowing source located on the wall boundary with frequency F = 150 for three different streamwise locations, R = 316, 346, and 400. Notice, that whereas a LNS simulation is required for each suction/blowing location, only one adjoint simulation is required to obtain all receptivity amplitudes. The advantage of using LNS simulations is that it produces the disturbance evolution including transient growth due to the excitation of various modes by the suction/blowing source. In contrast, the adjoint method provides receptivity amplitudes for only a single mode but for APSE predictions LNS simulations.
all possible sources and source locations in the flow.
Since we are typically interested in only the asymptotic behavior of the flow, the adjoint approach is usually more efficient in covering the large receptivity parameter space. In order to obtain PSE/APSE solutions, we first solve the eigenvalue Orr-Sommerfeld equation (OSE) at the inflow and use this eigenfunction as the initial condition for the PSE. Similarly, we use the adjoint Orr-Sommerfeld equation (AOSE) to obtain outflow conditions for APSE. Since OSE and AOSE are only parallel-flow approximations to the correct PSE inflow and APSE outflow conditions, we find that there are spatial transients due to these approximate boundary conditions. Similar to the PSE, in order to obtain APSE solutions one must select an appropriate splitting between the adjoint shape functionŨ and the wave function exp( pair. Consider a typical evolution of J(U m , U * m ), for a Tollmien-Schlichting wave with frequency F = 150 shown in figure 6 . In the regions of large spatial transients near the inflow and outflow boundaries, the solution contains numerical sources and sinks of J. In these regions, the adjoint and regular solutions are not orthogonal and this causes clear variations in J. We would like to emphasize, that this lack of orthogonality is purely due to numerical errors combined with approximate boundary conditions. As resolution is increased in x, these variations in J tend to diminish and J approaches a constant value throughout the domain of the flow (although there are always small transients near the inflow/outflow boundaries due to the approximate boundary conditions). The oscillations in J allow us to determine an acceptable transient free region of the flow where J is relatively constant. When a iteration onα is employed to keep J(Û m ,Ũ m ) identically constant, the transient growth together with numerical errors are absorbed intoα. Although, the final solution is largely independent of the splitting employed, it is harder to estimate the transient free region using the splitting based on theα iteration.
Before discussing results, we return to the question of orthogonality of regular and adjoint solutions first discussed in §2. The regular and adjoint solutions, U m andŨ n , are said to be orthogonal with respect to the J inner product if J(Û m ,Ũ n ) = δ mn for any two modes m and n. Without loss of generality assume that β = 0. SubstitutingÛ m , andŨ n in the PSE/APSE form into (11) yields
We define ∆ mn (x ) ≡ α m (x ) +α n (x ) and rewrite Consider now the case when n = m. It is convenient to consider the amplitude of the innerproduct
where † denotes the complex conjugate. Since the exponential growth was explicitly factored out from the shape functions,Û m andŨ n are only weak functions of x and therefore the innerproduct |J(Û m ,Ũ n )| 2 varies slowly in the streamwise direction. In order for (40) to be satisfied at each location in x, one requires that either
2 does not vary exponentially, we con-
Results
In order to validate our methods, we have performed a detailed comparison of direct LNS, ANS, and APSE which shows that all methods give consistent predictions. For brevity, only APSE results are reported in the form of the adjoint quantities that appear in (17) for a range of unstable frequencies and Reynolds numbers. These adjoint quantities can be used to directly predict the initial amplitude of disturbances due to impulse sources of mass, momentum, and boundary velocities.
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For all receptivity results presented here, the regular eigenfunctionsÛ m (x, y) are normalized at each location x by the streamwise component of disturbance velocity at y =ỹ max where |Û m (x, y)| = max y |Û m (x, y)|. The adjoint eigenfunctions are normalized by the J(Û m ,Ũ m ) at each x location. All our receptivity results using APSE are compared to parallel theory predictions using the AOSE as described by Hill 9 for the Blasius boundary layer. For accurate comparisons, we have recomputed all the parallel theory results for comparison to APSE.
Blasius Boundary Layer
We begin by considering the receptivity characteristics of the Blasius boundary layer to two-dimensional disturbances. Figure 7(a) shows the maximum amplitude, in y, of the streamwise component of adjoint velocity computed at every x location in the flow which measures the receptivity to a point source of streamwise momentum at this location which can be used to predict the receptivity due to a vibrating ribbon. Comparing the APSE predictions (solid lines) to the parallel theory (dashed lines) shows that for these conditions, parallel theory is an excellent approximation.
The y locations where the streamwise component of adjoint velocity achieves its maximum amplitude are plotted in figure 7(b) . Placing a streamwise impulse forcing at this location will induce the largest excitation of the flow. Notice, that while predictions of the parallel theory agree well with the APSE results for |ũ max | parallel theory slightly under predicts the location ofỹ max , especially for higher frequencies.
Whereas receptivity to momentum sources was given by the adjoint streamwise velocity, receptivity to wall normal and tangential excitations is given by adjoint wall pressure and adjoint wall shear stress, in the figures 7(c) and (d) respectively. To obtain the receptivity amplitude of the flow for an impulse source at the source location one simply reads the values of a m from the figure. For example, for the case of F = 150, a point wall normal excitation at Branch II, R = 534 induces an instability wave of amplitude a m = 0.2019. Note, that as the frequency of the unsteady source is decreased the receptivity to both types of excitations is generally increased. Overall, we observe that lower frequency excitations lead to increased receptivity while stability of the flow is decreased. From figure 7 one can immediately conclude that the receptivity to wall normal excitation (c) is by an order of magnitude higher then the receptivity to tangential excitation (d), while the receptivity to the momentum sources is the highest (a) at the distance 
and (d) one can also observe that the receptivity to a point force in the streamwise direction generally increases downstream, whereas receptivity to normal and tangential boundary velocities tends to be larger near the first neutral point. For all disturbance types considered here, the parallel theory is in excellent agreement with APSE indicating that nonparallel effects on localized twodimensional receptivity is small under these conditions.
Although parallel theory does a good job of predicting localized receptivity for this flow, for nonlocal sources, the errors due to the incorrect growth rate predictions from parallel theory will influence the receptivity results. The discrepancy between purely parallel and nonparallel approaches can be clearly seen in figure 8 . Here we compare adjoint wall pressure predictions from parallel theory with results obtained using APSE where we plot the amplitude of the spatial adjoint eigensolution |p *
, which includes both the shape function and wave function contributions. For convenience, we normalized the eigenfunctionÛ and adjoint eigenfunctioñ U at the first neutral point so that the curves can be used to directly predict the amplitude of the instability wave at that location. For example, an impulse source located at R ≈ 300 gives the maximum amplitude at branch I due to the combined effects of receptivity and instability. Notice that while parallel theory and PSE agree well at the normalization location, due to the difference in the growth rates there are errors in the parallel theory for other streamwise locations. This indicates that for an impulse source placed at the normalization location, parallel theory would give accurate predictions to the dis- APSE results, local parallel theory.
turbance amplitude which are exactly the conditions documented in figure 7 . However, for sources placed upstream or downstream of the normalization location the amplitude given by the parallel theory will be incorrect due to the incorrect spatial growth rate from parallel theory. If instead of an impulse source we had some distributed source, say a Gaussian distribution, then the amplitude is the integral in x of the source weighted by the curves in figure 8 . Even for a source centered at the normalization point, the parallel theory will be incorrect with the error increasing for more distributed sources. However, it is worth noting that parallel theory underpredicts upstream and overpredicts downstream of the normalization location so that these errors will tend to cancel.
The receptivity of the Blasius boundary layer to three-dimensional disturbances is summarized in figure 9. Comparing these results to the 2-d results in figure 7 shows that 3-d disturbances generally lead to greater receptivity. In fact, the increase in receptivity is related to the wave angle, θ = tan −1 (β/α r ). The larger θ the greater the receptivity. In general, parallel theory slightly underpredicts receptivity near the first neutral point and overpredicts near the the downstream neutral point. Compared to the 2-d results, there is a pronounced increase in receptivity near branch II for wall velocity disturbances. Notice also that in figure 9 (d) the discrepancy between local parallel theory and APSE is more pronounced downstream of the second neutral point compared to the 2-d results.
In order to predict the actual amplitude of the instability wave at the desired location, both stability and receptivity characteristics have to be considered. If we normalize the regular and adjoint eigenfunctions at some particular x location, say at branch II, we obtain exact information about the disturbance amplitude at that location due to an impulse source. Consider first an impulse source located right at the station where we measure amplitude of the instability wave (branch II in our case). Since the receptivity of the maximum receptivity to a streamwise point force, (b) the distance from the wall for maximum receptivity to a streamwise point force, (c) the receptivity due to suction/blowing at the wall, (d) the receptivity to streamwise velocity disturbances at the wall. APSE results, local parallel theory.
3-d disturbances is higher, we expect oblique waves to have higher amplitudes then 2-d disturbances. However once the impulse source is moved upstream we observe that there is some location in the flow where the amplitudes of 2-d waves at branch II become larger because of their higher growth rates. This implies that there is a location in the flow, where introducing an impulse source will produce equal response for 2-d and 3-d waves at branch II. Usually, this point is only slightly upstream of branch II implying that instability effects are much stronger then the receptivity ones.
Falkner-Skan Boundary Layers
Figures 10, and 11 show the receptivity characteristics of Falkner-Skan boundary layers to 2-d disturbances in order to understand the role of adverse and favorable pressure gradients on receptivity. We find that adverse pressure gradients tend to decrease receptivity to suction/blowing and streamwise boundary velocity disturbances, whereas, a favorable pressure gradient increases receptivity for these source types. Conversely, pressure gradients have a relatively small effect on the maximum receptivity to a streamwise momentum point sources as measured by max y |ũ|. We note that our results for local suction/blowing in adverse gradient flows, are consistent with the findings of Choudhariet al. 5 who showed that adverse pressure gradients reduce receptivity to wall suction and wall admittance variations. Again there is a trade-off between receptivity and instability. In an adverse pressure gradient flow, receptivity is reduced while instability is enhanced and the opposite occurs for favorable pressure gradients.
To investigate the combined effects of pressure gradients and three dimensionality, consider the receptivity of 3-d disturbances in Falkner-Skan boundary layers shown in the figures 12 and 13. Here, as in the Blasius boundary layer, the receptivity to oblique disturbances is higher then for 2-d disturbances. The greatest receptivity is achieved when the effects of favorable pressure gradients and oblique disturbances are combined together, although the instability is weak under these conditions. Comparing figures 13 and 10, one can see that the amplitude of the adjoint wall pressure has increased by a factor of two in some cases, and the difference is more pronounced downstream. Similar to the Blasius boundary layer flows, receptivity to wall normal excitations is significantly larger then receptivity to tangential disturbances, and receptivity to a momentum impulse source can be three-orders of magnitude higher than tangential disturbances at the wall. For 3-d disturbances we find that local parallel theory tends to overpredict receptivity result near the second neutral point.
Conclusions
We have developed a method based on the Adjoint Parabolized Stability Equations APSE for the efficient and accurate prediction of receptivity that naturally incorporates nonparallel effects and can be applied to a wide range of two-and three-dimensional shear flows. We have verified the APSE predictions by comparing to solutions of the Adjoint NavierStokes equations as well as forced solutions of the Linearized Navier-Stokes equations. Using APSE we documented the forced receptivity characteristics of the Blasius and Falkner-Skan boundary layers to two and three-dimensional disturbances and compared our predictions with local parallel theory. Both for the Blasius and Falkner-Skan boundary layers, the parallel theory is in good agreement with APSE predictions for two-dimensional disturbances. For threedimensional disturbances, we find that parallel theory underpredicts near the first branch and overpredicts near the second branch although these differences are small. We also conclude that oblique instabilities generally tend to be more receptive then twodimensional disturbances both for the Blasius and Falkner-Skan flows. Based on the receptivity analysis of the Falkner-Skan boundary layers we also find that favorable pressure gradients tends to increase receptivity for suction/blowing and tangential excitations, while adverse pressure gradients reduce the receptivity for these excitations. The adjoint adjoint methods presented here are now available to investigate the receptivity characteristics of a large range of shear flows. Our future research will include documenting the receptivity characteristics to acoustic disturbances for the Blasius and Falkner-Skan boundary layers, investigating receptivity of crossflow vortices, and extending our adjoint methods to explore nonlinear receptivity. the maximum receptivity to a streamwise point force, (b) the distance from the wall for maximum receptivity to a streamwise point force, (c) the receptivity due to suction/blowing at the wall, (d) the receptivity to streamwise velocity disturbances at the wall. APSE results, local parallel theory.
